This article extends the theory of dual-consistent time-marching methods based on generalized summation-by-parts (GSBP) operators and simultaneous approximation terms by showing that they are Runge-Kutta (RK) schemes. The connection to RK schemes provides the analysis tools required to facilitate the construction of efficient, high-order, and stable GSBP timemarching methods, especially for those based on dense-norm operators. The minimum order of a GSBP time-marching method is shown to be, by definition, equivalent to the minimum guaranteed rate of superconvergence previously shown for initial value problems that are linear with respect to the solution. In addition, both the simplifying and full RK order conditions can be used to construct even higher-order GSBP time-marching methods. The RK connection also provides the conditions under which dense-norm GSBP time-marching methods are nonlinearly stable. GSBP time-marching methods are in general fully implicit; however, the RK characterization of these methods can be used to guide the construction of diagonally-implicit schemes, which are often more efficient, especially in terms of memory usage. The article concludes by presenting a few examples of known and novel RK time-marching methods which are based on GSBP operators.
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Introduction
Many dynamical systems in science and engineering are modelled by stiff initial value problems (IVPs) either directly or through semi-discretization of partial differential equations. The most stringent constraint on the numerical solution of stiff IVPs is often stability, motivating the use of unconditionallystable implicit methods. The computational cost and complexity of such methods is offset by the freedom to choose much larger time steps, and therefore fewer time steps. To obtain the same level of accuracy with the larger time steps requires the use of higher-order methods. It is well-known that unconditionally-stable linear-multistep methods are at most second order [18] , while unconditionally-stable multistage methods like implicit RungeKutta (RK) methods can be derived for arbitrary orders of accuracy. Hence, multistage methods are a common choice for the numerical simulation of stiff IVPs.
Recently, the work of [41, 42] was extended to show that all operators which satisfy the generalized summation-by-parts (GSBP) property [6, 19] can be used to construct high-order, unconditionally-stable, implicit, multistage time-marching methods [6] . The traditional SBP approach was first used with finite-difference (FD) schemes [39] as a means to derive stable and efficient boundary closures. The generalized framework extends both the definition of SBP and the permitted form of the operators. In doing so, the generalized framework unifies several known discretizations, including: classical FD-SBP operators [39, 45] , collocated pseudo-spectral methods [12, 13, 31, 32, 33] , certain discontinuous-Galerkin schemes, depending on the boundary implementation [24] , and others. For practical problems, these operators are often augmented with simultaneous approximation terms (SATs) to weakly enforce boundary conditions and multiblock interface coupling [6, 14, 15, 19, 22, 23] .
Dual-consistent time-marching methods based on GSBP operators and SATs have some desirable properties for stiff IVPs, including linear stability, nonlinear stability for time-marching methods based on diagonal-norm GSBP operators, superconvergence of linear functionals of the numerical solution, and superconvergence of the numerical solution itself at the final time T [i] for each instance of a GSBP time-marching method [6, 41, 42] . Note that this value may be extrapolated if a solution point does not exist at the final time. In addition, high-order GSBP operators require substantially fewer nodes than classical FD-SBP operators with the same properties. This is significant as the resulting time-marching methods are in general fully implicit: the solution at any point in time within a block is fully coupled to all other solution points within that block. Thus, the GSBP time-marching methods can be significantly more efficient.
The objective of this paper is to facilitate the construction of more efficient high-order and stable GSBP time-marching methods by showing that they are RK schemes. Specifically, the RK connection enables the minimum supercovergence of the solution previously shown for IVPs that are linear with respect to the solution to be extended for general nonlinear problems, the use of full and simplifying RK order conditions to construct even higher-order GSBP time-marching methods, and the derivation of conditions under which dense-norm GSBP time-marching methods are nonlinearly stable. In addition, the RK connection is also used to derive the conditions under which GSBP time-marching methods are diagonally-implicit. This paper is organized as follows: Section 3 gives a brief review of the GSBP framework presented in [6, 19] . The characterization of GSBP time-marching methods as Runge-Kutta schemes is developed in Section 4 and their properties are presented in Section 5. This includes reference to many previously obtained results as well as several novel developments of the properties of GSBP time-marching methods derived from the RK characterization. The theory is exemplified with the construction of some known and novel RK schemes based on GSBP operators shown in Section 6. A summary concludes the paper in Section 7.
Notation and Definitions
This article considers discrete approximations of IVPs for nonlinear nonautonomous systems of ordinary differential equations:
where T forms a monomial with the convention that t −1 = 0.
The article makes a distinction between diagonal and nondiagonal norm matrices. The latter will be referred to as dense norms following [19] , but encompasses all nondiagonal norms whether they are strictly dense matrices or not. For example, classical FD-SBP operators with full, or restricted-full norms are referred to as dense-norm operators.
The Generalized SBP-SAT Approach
This section presents a brief review of the GSBP framework developed in [6, 19] .
Generalized summation-by-parts operators
The motivation for operators which satisfy the generalized summationby-parts property is the ability to use the energy method to determine the numerical stability of discrete approximations to IVPs. In the continuous case, the energy method is one means of determining the well-posedness of the IVP (1), given that a unique solution exists. The goal is to derive an energy estimate which bounds the norm of the solution at a given point in time with respect to the initial data [25, 26, 38] . The energy estimate is obtained by taking an inner product between the continuous solution and the IVP, and relating the integrals to the initial data through the use of integration-by-parts.
In the discrete case, the inner product between the numerical solution and the discrete IVP is defined by a symmetric positive-definite (SPD) matrix called the norm, which satisfies
whereŪ is the complex conjugate of U, and u * is the conjugate transpose of u. The generalized summation-by-parts (GSBP) property [19] :
is then used to related the numerical quadrature to the initial data, where D is a linear first-derivative GSBP operator defined by:
Definition 1. Generalized summation-by-parts operator [19] : An operator D is an approximation to the first derivative of order q with the GSBP property if:
where t = [t 1 , . . . , t n ] is the nodal distribution with the only requirement that the t i be distinct (non-confluent),
where H is an SPD matrix defining a discrete inner product (3), and
In this article, the product HD will be given the symbol Θ. Additionally, note that often the nodal distribution of a GSBP operator is ordered, t i+1 > t i , and is within the acting domain of the operator, t i ∈ [T initial , T final ]; however, neither is required here.
GSBP operators which satisfy Definition 1 exist if and only if a nodal quadrature rule exists, and the order of the GSBP operator and nodal quadrature rule are strongly related [6, 19] . This was first observed for classical FD-SBP operators in [35] and used implicitly with several discretization strategies such as collocated pseudo-spectral methods. This makes the construction of novel GSBP operators fairly straightforward given a nodal quadrature rule, which was first demonstrated in [19] . The existence of a quadrature rule associated with a GSBP operator also presents a consistent and high-order method of evaluating linear functionals, which with careful choice of SAT coefficient are superconvergent [6, 34, 36, 41] .
In this article, a nodal quadrature rule associated with a GSBP operator is denoted by
Generalized simultaneous approximation terms
A common approach to impose the initial data is through the use of simultaneous approximation terms (SATs) which weakly impose the initial data via penalty terms [6, 41, 42] . Choosing this approach, the fully-discrete form of the IVP (1) is written as:
with
where n is the number of nodes in the GSBP operator D, σ is the SAT penalty parameter, and s T initial is an extrapolation operator defined by:
Note that if the nodal distribution includes the initial time T initial , then
T becomes exact. This approach is also used to couple the interface between GSBP operators. To relate the definition of the GSBP operators and the form of the SAT terms, a convenient decomposition ofẼ = Θ + Θ T using the extrapolation operators is:
This idea is not unique, as extrapolation operators have previously been used with FD and FD-SBP schemes in [3, 4, 20, 44] , andẼ which are not equal to the classical definition of Diag(−1, 0, . . . , 0, 1) have also been considered in [1, 2] ; however, to the authors' knowledge this precise formulation was first proposed in [19] . This formulation of both Θ, i.e. that it have the property
, and of the SAT terms is assumed for the rest of this article and is implicit in many of the theorems referred to from [6, 19] .
Finally, an assumption is stated here for future reference, which is required for a well functioning procedure [41, 42] , to guarantee a unique solution for linear IVPs, and for the RK characterization presented in subsequent sections:
have strictly positive real parts.
A proof of this assumption for the classical second-order FD-SBP operator is presented in [42] with numerical demonstration of the assumption for higher-order diagonal-norm classical FD-SBP operators. Furthermore, when all operators in a discretization are identical and of fixed size, this can easily be verified numerically.
The dual problem
In addition to the GSBP property itself, a key tool in the proof of many accuracy results obtained for GSBP time-marching methods is the Lagrangian dual problem. This section briefly introduces the continuous and discrete dual problems along with the concept of dual consistency. The latter is required for the RK characterization, as well as many accuracy and stability results referred to in this article. Consider an IVP linear with respect to the solution:
which is referred to as the primal problem. A linear functional of the solution to (11) has the form:
which is used along with the primal problem to derive the dual problem (See e.g. [34, 36] ):
Applying a GSBP time-marching method to each of these equations results in the discrete primal problem:
discrete linear functional:
and discrete dual problem (See e.g. [6, 41] ):
The discrete dual problem (16) becomes a consistent approximation of the continuous dual problem (13) if the SAT penalty parameter is σ = −1. This is known as dual consistency (DC) [40] . Dual consistency is required for many of the accuracy and stability results referred to in subsequent sections, but also decouples the solution within a given block from the solution of subsequent blocks in time. Here a block is defined as an instance of a GSBP operator, therefore the solution within that block is the nodal solution values associated with that instance. This means that instead of having a global discretization of the IVP, each block can be solved sequentially in time, though in general the solution within a block is fully-implicit. This decoupling is what permits the characterization as an RK scheme.
Runge-Kutta Representation
In this section it is shown that DC GSBP time-marching methods are implicit Runge-Kutta (RK) schemes. An RK method can be written as
with n internal stage approximations:
where A kj and b j are the coefficients of the method with abscissa c, and h is the step size. This can also be written as a partitioned matrix system of the form
where
The notation chosen here foreshadows the relationship between the GSBP time-marching methods and RK schemes. Now consider the i th block within a multi-block GSBP-SAT discretization of (1) with M = 1 and DC SAT coefficient σ = −1:
where the components from the preceding block in time with index i − 1 are marked with an overbar¯ , and the subscripts denote the boundaries of the block: 0 for the initial boundary at t [i−1] and 1 for the final boundary at t [i] . Recall that in addition to dual consistency, the choice of σ = −1 forces the numerical solution within each block to be independent of the solution within subsequent bocks in time. Next, rearranging (20) using Assumption 1 gives
and extrapolating the solution to the block boundary yields
Note again that if the nodal distribution includes the final time T final , then the solution at the block boundary is the final nodal solution value, equivalent to stiff-accuracy for RK schemes. These equations describe a set of intermediate values (21) which are used to generate a solution one step forward in time (22) , analogously to an RK scheme. Formally, we let the nodal solution values y d of the GSBP time-marching method be the internal stage approximations of the RK scheme, and the solution at block boundaries, s
, be the solution pointsỹ [i] andỹ [i−1] , respectively. For the analogy to be valid requires that the identities
and
hold. The first identity is proved by multiplying (23) through by H −1 (Θ + s 0 s T 0 ) and rearranging:
By Definition 1, a consistent GSBP operator must be associated with an extrapolation operator of order r ≥ q ≥ 1 or be exact. This implies that s T 0 1 = 1, and (25) simplifies to
which is condition (4) with j = 0, a prerequisite imposed by Definition 1. The second identity (24) follows immediately for a consistent GSBP operator which satisfies Definition 1, which implies that s T 1 1 = 1. These two identities are often referred to as preconsistency conditions for more general time-marching methods.
Finally, the coefficient matrices of the RK scheme defined in terms of the components of a GSBP operator are:
with abscissa
where h = T 1 −T 0 is the size of the time interval associated with the i th block,
Note that all the coefficient matrices are solely a function of the i th block and are independent of the components of the preceding block. The application of RK methods, (17) and (18) , sees the coefficient matrices A and b T multiplied by h, which for GSBP-SAT discretizations is included in H; hence the factor of 
Properties
This section examines common properties of RK methods and how they relate to the conditions imposed on time-marching methods based on GSBP operators. It further explores concepts which are not imposed by the GSBP theory and how they can be exploited to generate more favourable GSBP time-marching methods in terms of accuracy, stability, and efficiency.
The abscissa and nodal distribution
For simplicity, the relationship between the abscissa and nodal distribution of GSBP operators is examined first. In particular, the interest is in the relationship formed by the application of GSBP operators to the abscissa with respect to the nodal distribution and the conditions enforced by Definition 1.
To begin, recall the definition of the abscissa with respect to the nodal distribution (28) and that powers are computed element-wise
Substituting (28) into (29) and expanding yields
is the binomial coefficient. Applying a GSBP operator of order at least p yields
Substituting the relationship that (p − k)
and recalling that t −1 = 0, gives
The additional factor of holds for GSBP operators of order greater than or equal to p.
Next, consider the application of an extrapolation operator s 0 of order greater than or equal to p to a monomial of the abscissa:
Pulling out a factor of T p 0 from the summation and given that 
Note that h p = (T 1 − T 0 ) p can be expanded as
These relationships greatly simplify the analysis in the subsequent sections as the components of GSBP time-marching methods can be applied directly to the abscissae found in the RK conditions.
Consistency
In this section, it is shown that all time-marching methods based on GSBP operators are consistent and therefore convergent. The conditions for consistency and stage consistency of an RK method are that they be preconsistent and satisfy:
Beginning with the stage-consistency condition and substituting the expression for A, gives
Multiplying through by hH −1 (Θ + s 0 s T 0 ) and simplifying yields
Using the relationships derived in Section 5.1 and that by Definition 1, r ≥ q ≥ 1, the first term on the left-hand side simplifies to 1 and the second term to 0. Therefore, (39) becomes an identity. From this result, the condition for consistency immediately follows:
which is also an identity. Therefore, all DC time-marching methods based on GSBP operators and SATs are consistent and stage-consistent RK methods and therefore convergent.
Stage-order conditions
The stage order of an RK scheme is the order to which the intermediate stage values (18) approximate Y(T 0 + c i ). This property is particularly important for problems with stiff source terms as it influences the rate of convergence [6, 41, 43] . For time-marching methods based on GSBP operators cast as RK schemes, these are the nodal solution values y d . In [6] the pointwise order of accuracy of these solution values was shown to be order q in general. This section formally relates these two properties by substituting the RK characterization of time-marching methods based on GSBP operators into the stage-order conditions of RK schemes.
The stage-order conditions for an RK method can be written as
whereq is the stage order to be satisfied. Substituting the GSBP expression for A (27) gives:
which is guaranteed to be an identity forq ≤ q. Therefore, all time-marching methods based on GSBP operators that have a minimum uniform order q, also have stage order q.
Order conditions
Often the primary result of an RK scheme is the solution update (17), rather than the intermediate stage approximations (18) . Therefore, it is of interest to consider the order of the solution update in addition to what has just been shown for the stage approximations. In [6] it was shown that the numerical solution at the final time T
[i] of each instance of a GSBP time-marching method applied to IVP linear with respect to the solution is superconvergent to the order of min(2q + 1, ρ), where ρ is defined by: Definition 2. Accuracy of a GSBP norm: The accuracy ρ of a norm H associated with a GSBP operator D = H −1 Θ is the minimum order to which:
• (y, z) H approximates (Y, Z); and
where Φ the solution to dual problem (13) , and f T initial is the initial condition of the primal problem (11).
For diagonal norms associated with GSBP operators, ρ = min(2q + 1, τ ) and for dense norms associated with GSBP operators, ρ = min(2q + 1, s), where 2⌈q/2⌉ ≤ s ≤ τ . The derivation of these values, along with a more precise definition of s is presented in [6] . Note also that ρ is always greater than or equal to the order of the GSBP operator itself.
In this section, the order conditions of RK solution updates (17) are examined in the context of time-marching methods based on GSBP operators, extending the accuracy results previously obtained to both nonlinear IVPs and for higher-order updates relative to the stage-order.
Simplifying assumptions
The full RK order conditions for general nonlinear IVPs (see Section 5.4.2) become increasingly difficult to solve as the order increases. To ease the construction of higher-order RK schemes, a simpler set of sufficient conditions were derived in [8] . This simplified set of equations are referred to as simplifying order conditions and are summarized with the following theorem:
T , and c of an RK method satisfy the following conditions:
with p ≤ 2q + 2 and p ≤q + ξ + 1, where B d is a diagonal matrix formed by the entries of b, then the RK method will be of order p.
Proof. Refer to Theorem 7 in [8] .
The first simplifying condition B(p) (44) is the requirement that b T be a quadrature rule of order p. In Section 3.1 the relationship between a GSBP operator and an associated quadrature rule of order τ was discussed. It turns out that the elements of the coefficient matrix b T are the weights w of this quadrature rule scaled for the domain [0, 1]. Consider the coefficient matrix b T :
By Lemma 1 from [6] s
T , and therefore (44) simplifies to:
Hence, the first simplifying condition B(p) (44) is satisfied for p = τ . The second simplifying condition C(q) (45) is equivalent to the stage-order conditions discussed in Section 5.3 which were been shown to be satisfied up tô q = q for all time-marching methods based on GSBP operators.
At this point, it has been shown that time-marching methods based on GSBP operators are at least order p = min(τ, q + 1). For the final simplifying condition D(ξ) (46), time-marching methods associated with diagonal and dense norms are investigated separately. Beginning with diagonal norms and inserting the GSBP expressions for the RK coefficient matrices, the third simplifying condition D(ξ) becomes:
For diagonal norms B d is equivalent to the norm H. Making this substitution, multiplying through by hH
, and simplifying, yields:
Substituting the definition of Θ that it satisfy Θ + Θ T =Ẽ = s 1 s
and expanding gives:
Using the relationships derived in Section 5.1, for ξ ≤ q the first term on the left-hand side reduces to 1 h c j−1 and the second term to 0, thus recovering an identity. Therefore, all DC time-marching methods based on diagonalnorm GSBP operators are RK methods of order p = min(τ, 2q + 1). This is equivalent to the superconvergence shown previously in [6] , but for general nonlinear IVPs. Furthermore, the third simplifying order condition (49) can be used to guide the construction of diagonal-norm GSBP time-marching methods one order higher.
In the case of time-marching methods based on dense-norm GSBP operators the same simplifications do not follow and the resulting method is only guaranteed to be order p = min(τ, q + 1). This is equivalent to the minimum guaranteed rate of superconvergence shown previously in [6] , but for general nonlinear IVPs. In the case of dense-norm GSBP time-marching methods, the third simplifying order condition can be used to guide the construction of significantly higher-order methods.
Full order conditions
The full order conditions for an RK scheme can be found in several references, for example [11, 28] . For reference, the conditions for orders one through four are:
where C = diag(c) and it is assumed that A1 = c. Given the relationship between the GSBP operators and the RK coefficient matrices derived above, one can simply insert these relationships into the algebraic order conditions and solve for the coefficients. These systems of equations are not necessarily easy to solve, but can be exploited, for example when constructing diagonallyimplicit GSBP-RK schemes which are limited to stage-orderq = 1, since A must be invertible. This implies that the pointwise accuracy of the GSBP operator is order 1, but does not limit the superconvergence of the solution at the final time, or in other words the solution update. Without using the full or simplifying RK order conditions, the maximum order diagonallyimplicit RK scheme is only guaranteed to be third-order; however, it is known that higher-order diagonally-implicit RK methods exist. An example of a diagonally implicit GSBP-RK scheme with stage order 1 and solution update order 4 is presented in Section 6 using these full order conditions.
Stability
In [6] it was shown that all dual-consistent time-marching methods based on GSBP operators are unconditionally stable for linear problems. This includes A-stability, L-stability, and stability for certain systems of linear IVPs introduced in [41] , termed linear stability. In addition, [6] showed that dualconsistent time-marching methods based on diagonal-norm GSBP operators are unconditionally stable for nonlinear problems. This included both BNstability 2 and energy-stability, the latter being another stability definition introduced in [41] . In this section, the nonlinear stability results are extended for time-marching methods based on dense-norm GSBP operators.
The conditions under which dense-norm GSBP time-marching methods are nonlinearly stable are derived from algebraic criteria of B-stability derived in [10, 17] :
where B d is a diagonal matrix formed by the elements of b. This result was later superseded in 1979 by algebraic criteria for BN-stability [7] :
eliminating the need for A to be invertible. If A is invertible, then the two sets of criteria are equivalent: M = A T M A is non-negative definite if A is invertible and M is non-negative definite; however, only the criteria for BN-stability are given the name algebraic-stability. It is known that for non-confluent RK schemes, which all GSBP time-marching methods are, the concepts of algebraic-stability, BN-stability, B-stability, and AN-stability are all equivalent [29] . These algebraic criteria for nonlinear stability provide a tool for deriving the conditions under which time-marching methods based on dense-norm GSBP operators are nonlinearly stable as well.
The first criterion is that the elements of the coefficient matrix b be nonnegative. This is equivalent to requiring that the weights of the quadrature rule associated with the norm of the GSBP time-marching method be nonnegative. By Definition 1 and Assumption 1, the coefficient matrix A of a GSBP time-marching method is invertible. Finally, substituting the GSBP expressions for the RK coefficient matrices into the last criterion and simplifying yields:
If the norm is diagonal, then B d is equivalent to H, and M simplifies to s 0 s T 0 . The eigenvalues of M are then zero and s T 0 s 0 ; the former having multiplicity n − 1 and the latter being non-negative. Hence, DC diagonal-norm GSBP time-marching methods are always algebraically-stable, as shown previously.
If the norm is dense, the criteria for nonlinear stability require that the associated quadrature rule have positive weights and the coefficients of the GSBP operator satisfy (53) such that M is non-negative definite.
Sample Implicit GSBP-RK Methods
This section applies the theory developed in this article to construct some known and novel RK schemes which are based on GSBP operators. These methods are presented here as examples and are not necessarily optimal in any sense. For numerical examples of the RK analogy in practice, refer to the results presented in [6] which were obtained with an RK implementation of the GSBP operators.
Lobatto IIIC discontinuous-collocation RK methods
The diagonal-norm GSBP operators with Gauss-Lobatto nodal distributions derived in [24] lead to DC time-marching methods which are equivalent to Lobatto IIIC discontinuous-collocation RK methods [5, 9, 16, 21, 30] . As an example, consider the four-node GSBP operator defined for the interval [−1, 1] based on Gauss-Lobatto points:
The corresponding norm, whose entries are the Gauss-Lobatto quadrature weights, and resulting GSBP operator are: 
with abscissa:
Diagonally-implicit GSBP-RK methods
To demonstrate some of the knowledge gained from the extended theory developed in this article, diagonally-implicit RK schemes are constructed which are based on GSBP operators. Diagonally-implicit methods are often more efficient than fully-implicit schemes, especially in terms of memory usage, and are therefore of particular interest. For these examples, coefficients of the GSBP operator are first constrained such that the resulting RK scheme is diagonally-implicit and satisfies the minimal requirements of Definition 1. The former is done by using the fact that the inverse of a lower triangular matrix is also lower triangular. Therefore, decomposing Θ into symmetric Θ S =
2Ẽ
and anti-symmetric components Θ A (See e.g. [19] ), the coefficients of Θ A are chosen such that H −1 (Θ + s 0 s T 0 ), the inverse of the coefficient matrix A, is lower triangular. The remaining coefficients in the GSBP operator and corresponding RK scheme, including the nodal distribution and weights of the associated quadrature, are solved for using the full-order conditions of RK schemes.
The first example is a novel three-stage GSBP-RK scheme. Note that the scheme is not necessarily optimal in any sense, but is shown here as an example of how the theory can be applied. The nodal distribution of the GSBP operator determined by solving the order conditions (52) is: 
which is already chosen to be for the domain [0, 1]. Likewise, the norm is determined to be: as RK schemes also enables the use of the full RK order conditions. These conditions are not always easy to solve for, but can be exploited to construct more efficient schemes than with the simplifying conditions alone.
The RK characterization of time-marching methods based on GSBP operators is used to extend the types of nonlinear stability satisfied by schemes associated with diagonal norms to include AN-stability and algebraic-stability. In addition, the RK characterization and the algebraic criteria for nonlinear stability are used to construct the conditions under which time-marching methods based on dense-norm GSBP operators are also nonlinearly stable.
Finally, these results are used to construct a few examples of known and novel RK time-marching methods which are based on GSBP operators. This includes a known discontinuous-collocation RK method and some novel diagonallyimplicit GSBP-RK schemes.
